Abstract. In this paper we obtain a logarithmic up bound for the solution to an elliptic mixed boundary value problem. This is an improvement over the corresponding classical result in this area.
Main result and proof
Let Ω be a bounded domain in where λ > 0. As for other given data in the problem we have that f ∈ L p 2 (Ω) for some p > N, ϕ 0 ∈ W 1,2 (Ω) ∩ L ∞ (Ω), and ν is the unit outward normal to ∂Ω. In the situation considered here, the classical theory for uniformly elliptic equations asserts that there is a unique weak solution ϕ in the space W 1,2 (Ω) and that ϕ satisfies
Here and in what follows we denote by f p the norm of f in L p (Ω). The result is sharp in the sense that if p = N , then (1.5) fails in general. The objective of this paper is to improve the up bound for ϕ ∞ . To be precise, we have shown:
Theorem A. Under the above assumptions there is a positive number
A similar result for functions in W s,p (R N ), sp > N, is established in [1, 2] . To prove Theorem A, we decompose ϕ into ϕ 1 + ϕ 2 , where ϕ 1 and ϕ 2 are the respective solutions of the following two problems:
Then we have
Lemma B. Let c s be the smallest positive number such that
It is well-known that the Sobolev constant c s here depends only on
) there corresponds a positive number c such that 
4λ > 0 and (1.14) to deduce
We arrive at
The proof of the lemma is complete.
To continue the proof of Theorem A, we assume without any loss of generality that
Indeed, if (1.22) is not true, we multiply through (1.15) by −1 and consider −u. If (1.23) is not true, we consider the problem (1.7)-(1.9) directly because we already have that (1.19) holds for u = ϕ 1 . Let
Substitute these into (1.15)-(1.17) to obtain
The above formal calculations can easily be made vigorous. Set
Then it is easy to see that
For β > 0, we use w β − 1 as a test function in (1.25) to obtain (1.29)
This together with (1.28) implies
Note that
Keeping this in mind and with the aid of the Sobolev Imbedding Theorem and (1.30), we calculate
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Fix β 0 > 0 and let
Subsequently,
where α 0 is a positive number depending on β 0 , p. Let
We can assume that
If not, pick a number α so that
α . We derive from (1.33) that This completes the proof.
